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Phonon-impurity interactions responsible for part of the width of the no-phonon components of the
sharp-line optical spectra of impurities in crystal lattices can be interpreted physically in terms of the
secular-perturbation model proposed for magnetic resonance by Bloembergen, Purcell, and Pound. The low-
frequency secular excursions of the impurity energy levels produced by the lattice vibrations appear as a
finite linewidth to an experimenter making line-shape measurements over macroscopic time intervals. The
total linewidth will of course include additional contributions from the finite impurity-state lifetime implicit
in interlevel transitions induced by photons and nonsecular phonons. The theory of the no-phonon com-
ponents of impurity optical spectra is closely related to the theory of line narrowing in magnetic-resonance

spectra.

N a recent paper! a mathematical model, in which
phonons were Raman scattered? by the impurity
ion, was used to account for the observed temperature
dependence of the widths of the sharp “no-phonon’ R
lines of dilute ruby. Similar linewidth expressions have
also been derived by different methods in conjunction
with the analysis of phonon-impurity interactions
which shift the impurity energy but which do not mix
the impurity states.® In this paper we wish to report
that the physical processes relevant to the linewidth
expressions are the same as those which contribute to a
physically appealing line-broadening mechanism pro-
posed for magnetic-resonance lines by Bloembergen,
Purcell, and Pound.*5 Those authors reasoned that the
low-frequency secular excursions of the impurity energy
levelswhich result from random local magneticor crystal
fields appear as a finite linewidth I' to an experimenter
making line-shape measurements over macroscopic
time intervals. Secular excursions are “low frequency”
in the required sense if their angular frequencies w are
less than or comparable to the linewidth T'.®
Assuming that the mean-square excursions at dif-
ferent frequencies |w| <3T add to give the total mean-
square secular excursion, Bloembergen et al. proposed

in essence that
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where v(w) is the power spectrum?:8 in the relevant
ensemble of the instantaneous-frequency-excursion
operator AQ(¢). If #Q(¢) is an operator measuring the
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“instantaneous energy separation’’ of the two impurity
levels responsible for the observed spectral line and if
the relevant system ensemble is implicit in the ex-
pectation value (- - -), then AQ(¢) =Q()—(Q(¢)) and

(@)= / Qe CA2(),000)1). (@)

The physical and mathematical assumptions under-
lying Eq. (1) have been discussed in detail by
Anderson.®

To establish the connection between our results and
Eq. (1), it is useful to rewrite that equation in a slightly
different form. Squaring Eq. (1) and dividing the result
by I', we obtain

w T2 dw
=7 _m;r‘Y(w) ©)
=3v(0), 4

where the approximation (4) is valid if v(w) varies
slowly over the interval |w|<3iT. In a sense, the
limiting expression (4) is equally as fundamental as
Eq. (1), because the assumption that v (w) varies slowly
in the interval |w|<T is implicit in a meaningful
picture of the spectrum as a sharp no-phonon Lorentz
line of width T' superposed upon a slowly varying
background.

For the sharp-line optical spectra of present interest
T is much less than typical phonon frequencies, and the
approximation (4) is very good. Our Raman-scattering
expressions for I' are in fact those appropriate to the
approximation (4).13

To demonstrate this fact, we consider a simple
system in which a single isolated impurity has only
two internal states characterized by the “spin”’ quantum
numbers S,==% and in which the phonon-impurity
interactions skift the impurity energy levels but do not
mix the impurity states:

H=8S,+Zhwq(astaq+3)
+ (S.4+3)[end 1Faa(42)].  (5)
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Here & measures the energy separation of the un-
perturbed impurity levels, the operators {aq,aq'}
characterize the phonon modes of the lattice, the
(a1,@2) are real coupling constants, the phonon oper-
ators (A41,4,) are linear functions of the {ag,a,'} and
characterize the lattice distortions relevant to the
phonon-impurity coupling. The annihilation-creation
operators {agq,aq'} satisfy the familiar commutation
relations

[aq,aq'] = [aqf;aq'fj =0, [dq;aq’f] =d(q,q"). (6)
For definiteness we define
Ai:Eq[Ciqaq1+Ciq*aq] , j=land?2, (7

where the Cjq are dimensionless numerical coefficients.
Hamiltonians of the type (5) have been considered
in detail in a previous paper.® If we assume that the
phonon excitations are initially described by a tem-
perature 7, we may use results from that paper to
compute to the lowest nonvanishing order the width "
of the no-phonon line in the S,= —% — 4% absorption
spectrum of the operators S.=.S,244S,. The result is

0

kT
I'=lim —
w=0 hw

dte L AQ(£),AQ(0) )7, s,m—1/2, (8)
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where the expectation value refers to a temperature-T
phonon ensemble appropriate to S,=—3%. For the
system (5) the energy separation operator 7#€(z)
relevant to Egs. (2) and (8) is

#Q(0) = +asd: () +as[ A1) T, )

where 4 ;(t)=exp (:Ht/%)A ; exp(—iHt/%) in the Heisen-
berg picture. Using the operator (9) in Eq. (8), we find
that in detail

0

I‘=4a22/
0

The corresponding frequency of the no-phonon line is

dw
z—Epz(w)T”(w)[l'l—n(w)]/ﬁ?- (10)

8 1/‘”dw{alzpl(w)__a2p2(w)[1+2n(w)]]. (11)
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In these equations #(w) = [exp (Aw/kT)— 11, and p;(w)
for =1 and 2 is the effective density of phonon states.
For w>0
pi(w)=21Zq| Cjq| % (w—wq)=—p;i(—w). (12)
Clearly p(w) is the real density of phonon states
weighted by the coupling coefficient Cjq. The tem-
perature dependence of expressions (10) and (11) is
contained solely in the function #(w).
When used in Eq. (2) with an impurity-ground-state
thermal-phonon ensemble, the operator (9) gives the
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frequency-deviation power spectrum

0 7~
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which limiting expression is identical with that for I' in
Eq. (10). Its form can also be identified with the
Raman-scattering linewidth expression in Ref. 1. It is
interesting to note that the linear-coupling a;4, term
of (5) does not contribute to the linewidth. In the model
of Egs. (1) and (4) this is primarily because the low-
frequency (secular) region |w|<1iT' occupies a neg-
ligible volume of phonon phase space:

pr(@)[1+n(w)]—0
as w— 0.

The equality of the linewidth expressions (10) and
(14) could have been anticipated from expressions (4)
and (8) if we had used general properties of operator
expectation values for thermal ensembles.® In par-
ticular, if the expectation value in the definition (2) of
v(w) refers to the temperature-7’ phonon ensemble
appropriate to S,= —3%, then

00
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Using this equality with Eq. (8), we find that I'=1v(0)
as in Eq. (4).

The theory of the vibrational structure and of the
no-phonon line in optical transitions in isolated im-
purities is closely tied to the theory of exchange nar-
rowing in magnetic-resonance spectroscopy and to the
theory of the pressure narrowing of Doppler broadening
in gas-discharge spectra.*519 The first few moments of
the complete optical line—that is, the no-phonon line
plus its vibrational structure—are considerably dif-
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ferent from the moments relevant to the no-phonon
line alone.!?!! The no-phonon line is therefore a
“narrowed” line in the sense that its width is less than
is predicted by the second moment of the complete
line.’? In the physical picture of Bloembergen, Purcell,
and Pound, implicit in Eq. (1), we would attribute this
narrowing to the fact that very rapid perturbations in
the energy separation %#Q(¢) “average out” in the time
required for their measurement and do not contribute
to the width of the no-phonon line. One should not
infer from this, however, that the high-frequency per-
turbations do not modify the observed spectrum. It is
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clear from the study of optical sharp-line spectra that
they do indeed make themselves felt. They generate
the vibrational structure which accompanies the no-
phonon line, and they concurrently modify the inte-
grated intensity of the no-phonon line.?

In summary, we have indicated that a simple
secular-perturbation model can be used to interpret
physically the results of a linewidth calculation de-
scribing the effects of phonon interactions on the
spectra of isolated impurities in solids. The linewidth
components considered give only a part of the total
linewidth. One must, of course, include additional
contributions such as those relevant to the finite
lifetimes implicit in the interlevel transitions induced
by photons and nonsecular phonons. It is clear from a
general analysis that the theory of the structure of
sharp-line optical spectra parallels that extensively
developed for magnetic-resonance spectra.
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The Slater theory of the ferroelectric phase transition in KH,PO4 type crystals as modified by Takagi
and extended by Senko is examined again in the light of recent measurements of parameters made on
KD:PO,. Making full use of the measurements, and assigning an appropriate numerical value to one adjusta-
able parameter which is not independently measured, the theory gives a nearly correct description of the
shape of the spontaneous polarization curve. Also the value obtained for the Curie constant is probably
satisfactory in view of limitations of the model and uncertainty of the high-temperature experimental data.
The theory fails, however, in at least one important respect ; the transition entropy is overestimated. This

and other discrepancies are discussed briefly.

I. INTRODUCTION

POSSIBLE connection between the measured

activation energy of deuterons jumping between
two off-center equilibrium positions in the hydrogen
bond of KD;POy, and a particular model of the ferro-
electric phase transition in these crystals has been
noted.! The model used is the one described by Slater?
and modified by Takagi,? the principal feature of which
is the short-range ordering of the hydrogen positions.
The measured activation energy has been identified!
with the energy of one of the hydrogen configurations.
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An extension of the theory was subsequently made
by Senko,* who did not, however, make use of the
measured activation energy as a basis for a numerical
test of the theory. The essential feature of his modifica-~
tion is the introduction of long-range polarization
forces. The result is a theory containing both long-
range and short-range forces of certain specified types,
some of which are capable of independent measurement.

It is the purpose of this paper to review this theory
and to describe pertinent features of the experimental
data which tend to provide a justification of it. As we
show, all of the important experimental parameters
can be unambiguously determined, in part by experi-
ments which are not directly related to specific ferro-
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